We propose that the exciton condensate may form in a well-controlled way in appropriately arranged semiconductor quantum well structures. The mean-field theory of Keldysh and Kopaev, exact in both the high density and the low density limits, is solved numerically to illustrate our proposal. The electron-hole pairing gap and the excitation spectrum of the exciton condensate are obtained. The energy scales of the condensate are substantial at higher densities. We discuss how such densities could be achieved experimentally by generating an effective pressure.
The issue of Bose-Einstein condensation of excitons has been extensively studied, following the early suggestion by Keldysh and Kopaev [1] [2] [3] . In the intervening years, it continues to be a subject of considerable experimental and theoretical interest [4] [5] [6] [7] [8] [9] [10] . Until recently, much of the experimental work has been carried out on indirect semiconductors [1] . In view of the great advances made in our abilities to design and manufacture high quality artificial semiconductor quantum well (QW) structures, it appears opportune to investigate in some detail the possible exciton condensate states in direct gap semiconductors.
The crux of the matter lies in obtaining an exciton fluid at sufficiently high densities and low temperatures to realize a condensed phase. Recent experiments on Cu 2 O [10] and on GaAs quantum wells in high magnetic fields [9] appear quite promising. However, detailed and unambiguous interpretation of these experiments has been difficult either because of the low density obtained in QWs (where it has been argued that disorder dominates the photoluminescence spectrum [8] ) or because of non-equilibrium and/or time-dependence of the density [10] . Clearly it would be very desirable to be able to produce exciton fluids at controlled, and possibly higher, densities. This has two advantages: the energy scale of the condensate would be larger and the variation of key properties with density could be systematically examined. Other fundamental questions related to the dynamics of condensation, possible lasing action, superradiance and coupling to a coherent photon field could be studied experimentally under controlled conditions. Our proposal is to tailor the QW parameters in double well electron-hole systems so as to generate an effective pressure on part of the exciton fluid and thereby achieve the physical conditions necessary for a controlled formation of exciton condensates.
To this end, we set up and numerically solve the mean-field theory (MFT) proposed earlier by Keldysh and Kopaev [2, 5, 6] , exact in both the high and low density limits, to obtain the total energy as a function of arbitrary densities for a variety of interlayer separation of the double layer QWs. The same MFT is also used to study the excitation properties of the proposed exciton droplet, which are crucial to its stability against small perturbations such as finite temperature, interface disorder, and complications arising from the band structure of the underlying semiconductors. At T = 0 the exciton fluid for the idealized system is an insulating Bose-Einstein condensate at all densities, i.e., there exists a gap to all charged excitations. Hence it has been called an excitonic insulator.
We begin by examining the ideal two-dimensional (2D) electron-hole system, characterized by the following Hamiltonian:
where ε is the background dielectric constant. We ignore the electron-hole exchange in H eh [1] . We assume that the electron and the hole layers are infinitesimally thin, and that they are separated by a distance d [11, 12] . Within the mean-field theory described later and for swave pairing between an electron and a hole, spin degrees of freedom play no role other than changing the r s by a factor of √ 2 at a given pair density n and will be ignored henceforth.
In this work, the unit mass m is taken to be twice the reduced mass of the electron (m e ) and the hole (m h ), or 2/m = 1/m e + 1/m h . The unit length is a a.u. = εh 2 /me 2 , and the energy unit is Hartree = e 2 /εa a.u. . r s is defined as πr Two obvious limits of this system are: r s → 0 and r s → ∞. In the former high density limit, the pairing between the electrons and the holes is weak, and can be described in a BCS-like language where only properties near the Fermi surfaces are affected [2, 5, 6, 13] . In the latter low density limit, excitons are formed and they interact weakly [3] . It has been realized that even in the latter limit, a BCS-like description is also appropriate [2, 5, 6] . In fact, it is exact in the limit of r s = ∞, where we have single isolated excitons.
Such a formulation is also valid for 2D, which we will use in this work. The variational ansatz for the ground state wavefunction, taking into account the pairing effects, is in the BCS form [2, 5, 6, 13] :
with |u k | 2 + |v k | 2 = 1. u k and v k are the variational parameters to be determined for the present system, and |vac > is the vacuum state in which the valence band is completely filled, a † e, k
creates an electron in the conduction band, and a † h, k creates a hole in the valence band. As in BCS, this wavefunction does not preserve the particle number. The solutions are obtained most easily by going to the second quantized form and minimizing the free energy at a given chemical potential µ, f =< h eh > −µ < n >, where lower cases are used to denote that the quantities are per unit volume. We find:
and
energy of an electron-hole pair, each with momentum k. Notice that for d = 0 and in cases where the electrons and the holes are not separately neutralized by the respective dopants, (e.g., when they are created by optical pumping), the density-dependent Hartree term in the total energy needs to be included. At a fixed density, it increases energy/pair by 2d/r 
E k is identified as the pair excitation spectrum [14] .
Eqs. 4-6 are coupled equations that must be solved self-consistently. Given a chemical potential µ, we wish to find the corresponding density parameter r s = 1/(πn) and the energy per pair E pair =< h eh > / < n >. Letting k = tan(β), we set up a GaussianQuadrature grid for β and convert the above equations into a matrix form which can be solved iteratively [15] . Only the angular averages of the potentials V ee and V eh enter and the logarithmic singularities in the averaged quantities are treated separately [15] . The total energy per unit volume is:
Shown in Fig. 1 It is interesting to examine the strength of the pairing effects and the excitation spectrum of the exciton fluid. At a given layer separation d, the maximum in the gap function ∆ k (or the minimum in the excitation energy E k ) first increases with r s , reaches a peak value, and then decreses with r s . Its k-dependence exhibits some interesting features as the chemical potential µ crosses the bottom of the single-particle band [15] . As an illustration, we show First of all, E k remains significant, in fact ∼ 0.4 Hartree, or ∼ 7 meV in GaAs QWs, at both of these densities. Secondly, we note that the gap function ∆ k exhibits a variation with k, instead of being sizable only very near k F as in the BCS case. This is a direct result of the extended k-range of the attractive interaction V eh . Lastly, a comparison of the gap function at the two densities shows some qualitative differences between them. For the high density r s = 2.66 case, the minimum pair-excitation energy in E k is located very close in k to where the maximum in ∆ k occurs, and both are close to, but not identical to k F . But for the low density r s = 5.90 case, the maximum of ∆ k is now at k very close to zero, and the minimum of E k is at k smaller than k F [15] . Although we have emphasized the similarities between the present electron-hole problem and the BCS superconductivity, there are essential differences even at the level of MFT [15] .
Screening effects will reduce both the gap function ∆ k and the minimum excitation energy in E k . But we expect the calculated excitation energies to be qualitatively correct, since the very presence of the gap will make screening less effective on the energy scale of the gap itself. The basic gap structure of the excitation spectrum should certainly survive temperatures of a few K.
In the mean-field theory, Fig. 1 shows that the interaction between the excitons is repulsive so that only the gas phase exists in equilibrium in the uniform, double QW electron-hole system [17] . Such systems have been utilized in some recent photoluminescence experiments, and suggestive results for Bose-Einstein condensation have been reported, but only in the presence of strong magnetic field at low densities [8, 9] . We now show that an altered structure may induce an effective pressure on the exciton fluid and thereby stablize higher densities.
We consider QW structures with a spatially varying well width, given by w = w( r).
Within the lowest subband approximation, the effects of w( r) can be described by an effective in-plane potential V ( r) = V (w( r)). If dV /dr ≪ V /d, at equilibrium the exciton distribution throughout the QW n( r) will be given by:
where µ is the chemical potential of the excitons in the QW, µ(n) is the chemical potential of a uniform excitonic insulator at density n. Since the kinetic energy in the z-direction depends rapidly on w, changing w is a very effective way of controlling the local chemical potential µ(n( r)), thereby controlling the local density n( r).
This is illustrated schematically in Fig. 3 , where the well-width on one side of the double QW is greater over a circle of radius R (the "cavity") than that of the rest. Only one side needs to be adjusted, since charge-neutrality demands that the electron and hole densities be equal. A bias electric voltage is applied to spatially separate the electrons and the holes after optical pumping. Several nanoseconds after pumping, during which the electrons and the holes in the individual single layers have all recombined, we are left with a double-layer electron-hole system.
Notice that for large r s , the chemical potential µ(n) remains very close to the single exciton binding energy |E ex | for a wide range of density (see Fig. 1 ). Therefore, if the pumping intensity is not too great, the chemical potential of the excitons will remain at µ slightly larger (smaller in magnitude) than −|E ex |. At equilibrium, the density inside the cavity n cav will then be well approximated by µ(n cav ) = −|E ex | + |δV |. For GaAs/AlGaAs
QWs, m h = 0.4, m e = 0.067, ε = 13, we find the present atomic units have length a a.u. = 59.8Å, and energy Hartree = 18.5 meV . As an example, we consider the case where the hole layer width is adjusted. In order to change the local chemical potential inside the cavity from −|E ex | to µ(r s = 3.69) at d = 1 (a value between the two r s 's considered earlier), the well-widths can be arranged to be: w( r) = 60Å for r > R and, w( r) = 73Å for r < R. We note that, quite generally, any QW structure similar to that of Fig. 3 will serve to form an exciton droplet at a density largely controlled by the difference in the respective w( r).
In order to obtain a Bose condensate excitonic insulator, the temperature must be sufficiently low and the lifetime of the excitons long enough. Currently attainable experimental conditions [8, 9] satisfy the requirements: the lifetime can be extended to ∼ 100 ns, due to the smaller electron-hole wavefunction overlap in the double layers; and consequently thermal and chemical equilibrium down to 1K temperatures can be reached. Even if some of the excitons may be trapped at the impurity centers invariably present, a droplet of high density fluid should still form, and be insensitive to the trapping. One significant advantage of our proposal is that the properties of the droplet, once formed, will be relatively independent of the pump power, which determines the average exciton density throughout the sample, but does not affect the equilibrium chemical potential by much. The excitonic, or the insulating nature, of the droplets could be established by careful monitoring of evolution of the luminescence spectrum edge with temperature [1] . The Bose-Einstein condensation is a more subtle and difficult issue to address due to the reduced dimensionality [18] . It may manifest itself in interesting ways by its coupling to the photon field [19] .
To summarize, we propose that a large droplet of a high density excitonic insulator can be stablized in a suitably arranged quantum well structure where the electrons and the holes are spatially separated. The argument given is quite general, and the actual dimensions of the quantum well structures, while affecting the density of the droplet, are not crucial to its formation. Such exciton droplets would be an example of the long sought-after high density Bose condensed phase of excitons, and allow one to examine the effects of coupling of a coherent electron-hole system with light, which may be itself coherent, as well as other interesting properties of the condensate. 
